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OPERATOR 
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ABSTRACT. In the present investigation,sharp upper bounds of 
laz — paž for function f(z) belonging to certain subclasses of 
Re [1 + + fa a) £@) +af’ (z)- i} > 0 are obtained. Also cer- 
tain applications of the main results for subclasses of functions 
defined by convolution with a normalized analytic function are 


given.In particular,F'ekete — Szego inequalities for certain classes 
of functions defined through fractional derivatives are obtained. 





1. INTRODUCTION 


We let A to denote the class of all analytic functions f (z) of the 
form 


(1.1) f(z) =z+)  anz”,(2€D={zEC: z| < 1}) 


and S be the subclass of A consisting of univalent functions. For t- 
wo analytic functions f(z) given by (1.1) and g(z) = z + 0%, bn?” , 
their convolution (or Hadamard product ) is defined to be the function 
(f * g) (z) given by (F * g) (2) = z + X r-z anbn2”. 


For two functions f,g € A,we say that the function f (z) is subor- 
dinate to g(z) in D and write f < g or f(z) < glz) (z€D), if 
there exists an analytic function w (z) with w (0) = 0 and |w(z)| < 1 
(z € D) ,such that 


fle)=g(w(z)) (€D). 
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In particular , if the function g is univalent in D ,the above subordi- 
nation is equivalent to f (0) = g (0) and f (D) C g(D). 

Throughout this paper, we assume that @ is an analytic univalent 
function with positive real part in D , ¢ (D) is symmetric with respect to 
the real axis and starlike with respect to ¢ (0) = 1, and ¢’ (0) > 0.The 
Taylor’s series expansion of such function is of the form 


(1.2) b(z) =1+ Biz + Boz’? + B3z°+---with Bı > 0. 





In the present investigation,we obtain Fekete-S'zego inequality for func- 
tion in a more general class #(a,@) which we define below.We also 
give applications of our results to certain functions defined through 
Hadamard product and functions defined by fractional derivatives. 


Definition 1.1. Let a > 0. A function f € A given by(1.1) is in 
the class R (a, ¢),if it satisfies 


(1.3) e)i+ 7 {a-a) aro- =o 


Lemma 1.1. Jf pı (z) = 1+cız +c2z 
with positive real part in D,then 





- is analytic function 


—4v +2 if v<0, 
l2- veq| < 42 if O<v<l, 
Ay —2 if vèl. 


when v < 0 or v > 1, the equality holds if and only if pı (z) is 
(1+ z)/(1— z) or one of its rotations.If 0 < v < 1 ‚then the equality 
holds if and only if pı (z) is (1 + 2°) / (1 — 2°) or one of its rotations.If 
v = 0 „the equality holds if and only if 


n= (3 | jy) | a wese 


2 2 LZ 2 2 1+2 


or one of its rotations.If v = 1 , the equality holds if and only if pı (z) 
is the reciprocal of one of the functions such that the equality holds 
in the case v = 0.Also the above upper bound is sharp and it can be 
improved as follows: 

when 0<v <1, 





lcz — veq| +vja <2 (0<v<1/2) 
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and 


leo — ve;| + (1 —v) lee <2 (/2<v<1). 
Let a differential operator be defined Sălägean [10] on a class of analytic 
functions of the form (1.1) as follows 


Df (2) =f (2), DF (2) = DF (2) = zf (2), 
and in general 
D” f (z) = D (D° f (z2)) , (n € No = N U {0}). 
We easily find that 


(1.4) D'f(2)=2+ Y kaz” (n € No). 
k=2 


2. FEKETE-SZEGO POROBLEM FOR THE FUNCTION CLASS R (a, ¢) 


By using Lemma 1.1 ,we prove the following Fekete-Szego inequali- 
ties. 


Theorem 2.1. Let b be a non zero complex number.If f (z) given by 
(1.1) belongs to N? (a, ¢), then 














b B B2b 73\n : 
3” Ee: 7 ita? (7) | if w<o, 
az — pa3| < ET if aKu, 
b B B?b /3\n ; 

-4 [2 O] if uao 
where 
oe (1 +a)? (B2 - Bi) (4\" DiS (1 +a)? (B2 + Bi) (4\" 
1 b(1+2a) B? (3 i a b(1+2a)B? \3 


The result is sharp. 

If f (z) € R (a, ¢), then there exists a Schwarz functions w (z) ana- 
lytic in D with 
w (0) = 0 and |w (z)| <1 (z € D) ‚such that 





(2.1) 1474-0) are- 
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Define the function pı by 
1+w(z) 
Tw (z) 
since w (z) is a Schwarz function,we see that R (pı (z)) > O(z € D) 
and pı (0) = 1.Now, defining the function p (z) by 


f (2) 


Z 


(2.2) Pı 





= 1 + z + c22? + c32? +- 








1 
pe)=1+5 fl-a) 
we find from (2.1) and (2.2) that 


(2.4) p= Ge - r) 


Thus by using (2.2) in (2.4), we obtain 


+af@-1}=1 Hbiz +b22?+b32? +- 





1 1 1 1 
bi = ic bə = P (« = å) + q Bett: 


Also, from (2.3) we obtain 


1 
bi = z (1 + a) 2"az by = 


Therefore we have 


1 n 


bB: 
3”2 (1 + 2a) 


ea 


Our result now follows by an application of lemma 1.1 .To show that 
the bounds are sharp,we define the functions KY (n = 2,3,4, ...) by 


(2.5) a3 — paz = le> — ve?] . 


where 





1+ : fa - a) kao] +a [K3] (2) - r} =¢ (27), 


K% (0)=0= [|K] (0)-1 
and the function FY and GY (0 <A < 1) by 


145 fa- EO, atest a-i) = 06"), 


Fe (0) =0 = [Fe] (0) -1 
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145 {a a) BEI ajaa) =o), 


GS (0) =0 = [G3] 0) -1 


Clearly the functions KZ , Fy and GY € R (a, d).Also we write K3:= 
KS. 

T H < 01 Or u = o2, then the equality holds if and only if f is AY or 
one of its rotations. When c1 < u < 02 , the equality holds if and only 
if f is Kẹ, or one of its rotations.If u = gı , then the equality holds if 
and only if f is FẸ or one of its rotations.If u = a2, then the equality 
holds if and only if f is GX or one of its rotations. 


Remark 2.1. Ifo, < u < a2, then,in view of Lemma 1.1 , Theorem 
2.1 can be improved. Let a3 be given by 


rales 5)". 





03 °= 


Let f € R(a, ¢).If o1 < u < o3 , then 





Pasw] ba a (5) [0+0 e- ay) (3) 


4\" iB 
b(1 + 2a) B? |- eee en 
nO LE 2a) (3) |a2| = 3" (1+ 2a) 


If o3 < u < oa , then 





as — pa) + 5 <n P G) fata) (2 + By) G) 


. bB, 


4 
—ub (1 + 2a) B? | Ż Par ne See 
H ( + a) 1 (; |a2| T 3" (1+ 2a) 


For ¢(z) = (1+ Cz)/ (1+ Dz) , -1 < D < C < 1.Theorem 2.1 
leads to the following results: 


Corollary 2.2. Letp-1<D<C<1Liff eR(a,(14+ Cz) /(1+4+ Dz)),then 
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b(D-C bu(D-C)(1+2a n] ; D) (+a)? 4 
PO. [p — mB) (3)") ify < 2 [Papi (4)"| 











b(C—D) ; 2 [ 1+D)(1+a)? fayn 2 | (-D)(t+a)? (ayn 
if — aa; (3) | SUSS tS D) (3) | , 





a3 — ua? x 











b(D—C) bu(D—C)(14+20) /3\"] - 2 | (—D)(1+a)? 4)” 
~ 3” (1420) |D E 214a)? (3) | if us 5 een (3) | i 


For ¢(z) = (1 +2z)/ (1 — z) ‚Theorem 2.1 leads to the following re- 
sults: 


Corollary 2.3. Let —1 < D < C < 1.If f € R (a, (1+ z)/(1—- z)),then 





2b bO+2a) (3)” ; 
2 2b ; 2(1+a)? 4X)” 
a3 — [a5 < Z420) if 0 < HS b(1+2a) (3) ? 











2b b(1+2a) (3\” : 2(1+a)? (4\n 
~ 3" (1+2a) E E ua (3) | if pe b(1+20) A : 


For C = 1 — 26 with 0 < 6 < 1 and D = —1, Corollary 2.2 reduces 
to the following result: 


Corollary 2.4. 
2b(1—B) f _ pb(1—8)(14+2a) (3)"| if p<0 

















37 (1+2a) (1+a)? 4 
— waz 2b(1—8) . 2(1+a)? 4\nr 
a3 — HA3| S 4 SaF) if OS MS aD eg 
2b(1-) wb(1-B)(+2a) (3\"] ; alta)? (ayn 
— 37 (14 2a) E > bees (a) | if pe b(1—6)(1+2a) (3) : 


3. APPLICATION TO FUNCTIONS DEFINED BY FRACTIONAL 
DERIVATIVES 


In order to introduce the class RÀ (a, ¢) , we need the following: 


Definition 3.1. see ([2,3] , see also [7,8]).Let f (z) be analytic in a 
simply connected region of the z-plane containing the origin.The frac- 
tional derivative of f of order A is defined by 
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TEES 
DMO =sqaye | Coop SAS), 


where the multiplicity of (z — Gy is removed by requiring that log (z — ¢) 
is real for z — C > 0. Using the above Definition 3.1 and its known ex- 
tensions involving fractional derivatives and fractional integrals, Owa 
and Srivastava [3] introduced the operator QÀ : A > A defined by 


(Mf) (2) =T(2-A) PD F(z) (AF 2,3,4,--.)- 


The class #*(a,¢) consists of functions f € A for which Of € 
R (a, p). Note that R` (a, d) is the special case of the class RI (a, Q) 
when 


(3.1) g(z) =z4 DE mck 


Let glz) = 2+ 0... 9n2" (Gn > 0).Since f(z) = z+ X7, anz” € 
RI (a, p) if and only if (f *g)(z) = z + O°, gnan?” E R (a, o),we 
obtain the coefficient estimate for functions in the class #9 (A, ¢), from 
the corresponding estimate for functions in the class R (A, ¢). Applying 
Theorem 2.1 for the function (f * g) (z) = z + g2a22? + g3a32? +--+ ,we 
get the following theorem after an obvious change of the parameter p: 





Theorem 3.1. Let the function ¢(z) be given by ọ (z) = 1 + Bız + 
Boz? + B32? +--+ If f (z) given by (1.1) belongs to RI (a,b) , then 








b | Bo _ _pbgsB? < 
93 E (1+a)"92 if HST, 
2 bBı 2 
ag — p05| < 4 aba if o1< p< on, 





_ bo | Bə _ _pbgs3B? > 
93 Fes (1+a)?g2 if Ho. 


where 


O1 = 








g3 (1 + a)" (Bo — Bi) ow +0)" (Bo + Bi) 
bgs (1 + 2a) B? Ki bgs (1 + 2a) B? 


The result is sharp. 
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Since 
A o wel(ntl)r2-A) an 
PS Darie a 
we have 
Perea)... 2 
2) care OA Ie 
and 
(3.3) ee Tr (4)T (2-4) 2 6 


Cha) O—)G=a) 


For gz and g3 given by (3.2) and (3.3) , Theorem 3.1 reduces to the 
following: 


Theorem 3.2. Let the function ¢(z) be given by ọ (z) = 1 + Bız + 
Boz? + B32? +--+ Sf f (z) given by (1.1) belongs to Rò (a, p) , then 








b(2—A)(3—A) | B ub3(2—A)B2 ; 
6 E E Se if poo, 
2 
a3 — 3] Š 4 v(2-r)(3-r)B 
i 2 ay : if ORS US Oo; 
b(2—A)(3—A) | B ub3(2—A) B2 ; 
E 6 Fier — fee | if uo. 
where 
a = 28-A) +)" (Bs = Bı) o 28-A) 0 +a}? (Bo + Bi) 
ES : = 








3b (2 — à) (1 + 2a) B? 
The result is sharp. 


3b (2 — A) (1 + 2a) B? 
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